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Abstract
We calculate the density dependence of the ρ-meson mass and cou-
pling constant(gρNN ) for ρ-nucleon-nucleon vertex at one loop using
the lagrangian where the ρ-meson is included as a dynamical gauge
boson of a hidden local symmetry. From the condition that thermo-
dynamic potential should not depend on the arbitrary energy scale,
renormalization scale, one can construct a renormalization group equa-
tion for the thermodynamic potential and argue that the various renor-
malization group coefficients are functions of the density or temper-
ature. We calculate the β-function for ρ-nucleon-nucleon coupling
constant (gρNN ) and γ-function for ρ-meson mass (γmρ). We found
that the ρ-meson mass and the coupling constant for gρNN drop as
density increases in the low energy limit.
1 Introduction
Recently, the properties of vector mesons in dense nuclear matter, which give
several physical consequences, have been seriously investigated [1][2][3]. The
CERES collaboration reported qualitatively the excess of dileptons with low
invariant mass[4].
According to Brown/Rho(BR) scaling[5], which links the vector meson
mass to scalar quark condensate, the vector meson masses will drop in nuclear
matter and this gives the most simple explanation for the observed low-
mass dileptons. In ref.[6], the authors investigated BR scaling using the
dilated chiral quark model. While the theory of BR scaling is based on
the idea of quasiquarks (partonic picture), Rapp, Chanfray and Wambach[8]
provide an alternative point of view(hadronic picture), which is based on the
conventional many body theory, to explain the experimental result. In ref.[1],
the authors tried to construct a model that interpolates the theory of ref.[8]
to the BR scaling.
Most of the works on the vector meson properties focused on the ρ-meson
mass because it is plausible that the short-lived ρ-meson produced in heavy-
ion collisions couple to photons and decay into the lepton pairs in medium.
Besides the in-medium ρ-meson mass, the coupling constants for ρ-meson-
hadrons could change with the density or temperature. The change of the
coupling constant in medium will affect the in-medium ρ-meson mass[1]. So
the clear understanding of the in-medium properties (mass, coupling con-
stants) of ρ-meson is important.
To describe the strongly interacting hadronic systems at low energy, var-
ious kinds of effective theories of Quantum Chromodynamics(QCD) have
been suggested. As suggested by Bando, et al[9], the ρ-mesons can be
identified as the dynamical gauge boson of hidden local symmetry in the
SU(2)L × SU(2)R/SU(2)V nonlinear chiral lagrangian. Besides the lowest
configurations of effective interactions in our model lagrangian, we include
the effects of the vector meson-nucleon tensor coupling. This tensor coupling
is important in describing the short- and intermediate-range nucleon-nucleon
force in the one-boson exchange model and play an important role in vec-
tor meson-nucleon scattering[3]. The effects of tensor coupling on the vector
mesons propagating in dense matter is investigated in ref.[7]. To study the
changes of parameters in the lagrangian in medium, we resort to the renor-
malization group equation. Since the thermodynamic potential does not de-
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pend on the renormlization scale, we can construct the renormalization group
equation for thermodynamic potential. There are slightly different points of
view[10, 11]. In the case of renormalization group equations for n-point
Green function (proper vertex) which depend on the external momentum,
there are two typical energy scales in the system, i.e. density(temperature)
and external momentum. But in the case of thermodynamic potential, the
only typical energy scale is the density(temperature). Using the standard
methods in renormalization group analysis, we can define the density depen-
dent parameters(masses, coupling constants) [12, 13, 15]. In ref.[15], they
showed that the density dependent gauge coupling constant of quark gas ap-
proaches zero at high density and argued that a phase transition between
qaurk matter and hadronic matter occurs at finite density.
The aim of this work is to study the properties of ρ-meson at finite
density. We focus on the ρ-meson mass and ρ-nucleon-nucleon coupling
constant(gρNN ) in dense nuclear matter. We construct effective lagrangian
following Bando, et al.[9] in section 2. We discuss the renormalization group
equation for thermodynamic potential in section 3. We calculate the β-
function and γmρ without and with the effects of vector meson-nucleon ten-
sor coupling and solve the renormalization group equations in section 4. In
section 5, we summarize and discuss the results. In Appendix, we present a
simple example to show how to calculate thermodynamic potential (pressure)
and to see how the renormalization group equation works which we set up
with some dimensional coupling constants λ
fpi
.
2 The model lagrangian
Following Bando, et al. [9], the ρ-meson can be identified as the dynami-
cal gauge boson of hidden local symmetry in the SU(2)L × SU(2)R/SU(2)V
nonlinear chiral lagrangian. This means that the kinetic term of the exter-
nal gauge boson(ρ-meson) is assumed to be generated via underlying QCD
dynamics or quantum effects at composite level.
The [SU(2)L × SU(2)R]global × [SU(2)V ]local linear model can be con-
structed in terms of two SU(2)-matrix valued variables,
U(x) = e2iπ(x)/fpi = ξ†L(x)ξR(x) [π(x) ≡ π(x)aτa/2] (1)
where ξ(x)R,L = e
iσ(x)/fpie±iπ(x)/fpi . The covariant derivative is defined by
2
DµξL = (∂µ − iVµ)ξL and Vµ(x) is identified with the ρ-meson.
Let’s introduce matter field, Ψ(x), as a fundamental representation of
[SU(2)]local which will be identified with nucleon field hereafter. Thus we
can write down the lagrangian with [SU(2)L × SU(2)R]global × [SU(2)V ]local
and with the lowest derivatives after rescaling the gauge field, Vµ → gVµ,
L = −1
4
(F (V )µν )
2 + af 2πtr(gVµ −
∂µξL · ξ†L + ∂µξR · ξ†R
2i
)2
+f 2πtr(
∂µξL · ξ†L − ∂µξR · ξ†R
2i
)2
+Ψ¯(x)iγµ[∂µ − igVµ(x)]Ψ(x)−mΨ¯(x)Ψ(x)
+κΨ¯(x)γµ(α‖µ(x)− gVµ(x))Ψ(x) + λΨ¯γ5γµαµ⊥(x)Ψ (2)
where
F (V )µν = ∂µVν − ∂νVµ − i[Vµ, Vν ],
αµ‖,⊥(x) =
∂µξL(x)ξ
†
L(x)± ∂µξR(x)ξ†R(x)
2i
. (3)
To quantize the theory, we introduce the gauge fixing terms and the ghost
fields[20].
LGF = − 1
α
tr[(∂ · V )2] + 1
2
iagf 2πtr[∂ · V (ξL − ξ†L + ξR − ξ†R)]
+
1
16
αa2g2f 4π{tr[(ξL − ξ†L + ξR − ξ†R)2]
−1
2
(tr[ξL − ξ†L + ξR − ξ†R])2} (4)
The corresponding ghost term is
LFP = itr[v¯{2∂µDµv + 1
2
g2αf 2πa(vξL + ξ
†
Lv + vξR + ξ
†
Rv)}] (5)
In this work, we will choose the Landau gauge(α = 0)[17]. We expand
α‖µ(x), α⊥µ(x) and ξL,R in eq.(2) to write down the interactions explicitly in
terms of fields of nucleon and pions and also to define the relevant coupling
constants and masses. We make use of the following lowest configurations of
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the effective interactions.
L = −1
4
(F (V )µν )
2 +
1
2
∂µπ∂
µπ +
1
2
∂µσ∂
µσ
+gρππ~V
µ(x) · (~π × ∂µ~π) + gρσσ ~V µ(x) · (~σ × ∂µ~σ) + 1
2
m2ρV
2
µ
+Ψ¯(x)iγµ[∂µ − igρNNVµ(x)]Ψ(x)−mΨ¯(x)Ψ(x)
− κ
2f 2π
Ψ¯(x)γµ(~π × ∂µ~π)a τ
a
2
Ψ(x) +
λ
fπ
Ψ¯(x)γ5γ
µ∂µπΨ(x)
+
κ
fσ
Ψ¯(x)γµ∂µσΨ(x)− κ
2f 2σ
Ψ¯(x)γµ(~σ × ∂µ~σ)a τ
a
2
Ψ(x) (6)
where
f 2σ = af
2
π , m
2
ρ = ag
2f 2π , gρ = agf
2
π ,
gρππ =
1
2
ag, gρσσ =
1
2
g, gρNN = g(1− κ) (7)
and κ and λ are two arbitrary constants. Bando et al.[9] and Furui et al.[16]
pointed out that κ cannot be appreciably large to guarantee vector meson
dominance and ρ meson universality. The value of λ will be estimated in
section 4. Since the variable κ can not be large[9] or could be zero[16], we
will ignore the diagrams in Fig. 1 which are proportional to κ 1 throughout
this work. Note that Fig. 1(a) vanishes due to isospin symmetry.
We also include the effects of vector meson-nucleon tensor coupling. The
interaction lagrangian is given by
LV N =
gκρ
2m
Ψ¯(x)σµν∂
µV νΨ(x). (8)
In reanalysis of the spin-isospin interaction, comparing with the spin corre-
lation experiments, Brown, Osnes and Rho[18] found that κρ = 6.6. In the
Bonn potential, κρ = 6.1 is used[19]. Here, we just take κρ ≃ 6.
1One may object our approximation κ→ 0 since taking this approximation may imply
that we neglect all the interaction terms between even number of pions and nucleons and
so hidden local symmetry with κ→ 0 is not useful if compared with the chiral lagragians in
Ref. [23]. But we should remember that ρ meson in hidden local symmetry is nothing but
even number of pions, ~Vµ =
1
gf2
pi
~π × ∂µ~π + ..., though this feature is not so manifest when
we add kinetic term of ρ-meson to the lagrangian to incorporate the idea of dynamical
gauge boson. As it is shown in Ref. [9], the relation, ~Vµ =
1
gf2
pi
~π × ∂µ~π + ..., plays very
important role in showing the equivalence of lagrangian possessing hidden local symmetry
with the nonlinear chiral lagrangian.
4
pi      σor
pi      σor
(a) (b)
Figure 1: The diagrams which are proportional to κ. Thick solid lines represent
the nucleon and and wavy line is for ρ-meson.
3 Renormalization group equation at finite
density
At finite density, we can define the in-medium β-function by the standard
procedure[12, 13, 15]. The condition, ΛdΩR
dΛ
= 0, which requires that the
thermodynamic potential(ΩR) or pressure should not depend on the renor-
malization point(Λ), gives the following renormalization group equation for
the thermodynamic potential.
[Λ
∂
∂Λ
+ β(αR)
∂
∂αR
]ΩR(αR, µ,Λ) = 0 (9)
where β(αR) = Λ
∂αR
∂Λ
, αR is a renormalized coupling constant and µ is a chem-
ical potential. It should be noted that the renormalized thermodynamic po-
tential, ΩR, is defined by [13, 15, 21] ΩR(gR, mR, T, µ) = ΩB(gB, mB, T, µ)−
ΩB(gB, mB, T = 0, µ = 0). Since the thermodynamic potential(or pressure)
has a mass dimension 4, it should satisfy the identity:
[Λ
∂
∂Λ
+ µ
∂
∂µ
]ΩR(αR, µ,Λ) = 4ΩR(αR, µ,Λ) (10)
By combining eq.(9) and eq.(10), we can obtain
[µ
∂
∂µ
− β(αR) ∂
∂αR
− 4]ΩR(αR, µ,Λ) = 0. (11)
Then, we can find the general solution of ΩR using the ansatz
ΩR(αR, µ,Λ) = µ
4Ω¯R(α(µ), µ,Λ) (12)
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which satisfies
[µ
∂
∂µ
− β(α(µ)) ∂
∂α(µ)
]Ω¯R(α(µ), µ,Λ) = 0 (13)
where,
µ
∂α(µ)
∂µ
= β(α(µ)). (14)
Eq.(14) states that the dependence of the coupling constant on the renor-
malization scale transmuted into the dependence on the density(chemical
potential, µ). This discussion makes clear that µ plays the identical role
in dense matter as the spacelike external momentum does in free space free
space renormalization[13].
We can demonstrate it explicitly. Let’s consider the thermodynamic po-
tential for massless QED at finite density as a simple example. The thermo-
dynamic potential(pressure) up to order of α2 can be written[15]
ΩQEDR =
1
3π2
1
4
µ4[1− 3
2
α(Λ)
π
− 3
2
(
α(Λ)
π
)2ln(
α(Λ)
π
)− 1
2
(
α(Λ)
π
)2ln(
µ2
Λ2
)] (15)
where α = e
2
4π
. Using the ansatz of eq.(12) which satisfies eq.(13), β(α(µ))
can be explicitly calculated
µ
dα
∂µ
= β(α) =
2α2
3π
which is the same as that of QED β-function in free space(ρ = 0). Therefore
we can see that the β-function in medium has same the form as that in free
space.
We can do the same analysis with mass. The renormalization group
equation for the thermodynamic potential is given by
[Λ
∂
∂Λ
+ β(αR)
∂
∂αR
−mRγm(αR) ∂
∂mR
]ΩR(αR, mR, µ,Λ) = 0, (16)
where β(αR) = Λ
∂
∂Λ
αR, γm = Λ
∂
∂Λ
lnZm and mB = ZmmR which are defined
in free space(ρ = 0). We can obtain the renormalization group equation at
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finite density using the similar procedure used in deriving eq.(11) from eq.(9)
and eq.(10),
[µ
∂
∂µ
− β(αR) ∂
∂αR
+ (1 + γm(αR))mR
∂
∂mR
− 4]ΩR(αR, mR, µ,Λ) = 0.
By defining
µ
d
dµ
α(µ) = β(α(µ)) (17)
µ
d
dµ
m(µ) = −[1 + γm(α(µ))]m(µ) (18)
we can obtain the general solution of the equation,
ΩR(αR, mR, µ,Λ) = µ
4Ω¯R(α(µ), m(µ), µ,Λ).
Here we also see that the γm in medium has same form with that in free
space. Then, we can study the density dependence of mass using eq.(18).
We have several coupling constants and two masses in eq.(6). Now we
extend the formalism to incorporate such couplings and masses. Since we
are interested in the density(scale) dependence of ρ-meson mass and gρNN
at one-loop, let us construct the renormalization group equation with the
parameters which is essential to our analysis in section 4. We define the gi
with i = 1, 2, 3 as g1 = g, g2 = gρNN , g3 = gρππ and fλ =
λ
fpi
.
Then the renormalization group equation for the thermodynamic poten-
tial is given by
[Λ
∂
∂Λ
+
∑
i
βi(gi, mfλ)
∂
∂gi
+ βfλ(gi, mfλ)
∂
∂fλ
−mγm(gi, mfλ) ∂
∂m
−mργmρ(gi, mfλ)
∂
∂mρ
]ΩR(gi, mfλ, m,mρ, µ,Λ) = 0 (19)
where we use mfλ instead of fλ because the coupling fλ carries a deriva-
tive(mass parameter) which is m in our one loop calculations and omit the
subscript R from the renormalized masses and coupling constants for sim-
plicity.
To get the identity like eq.(10), we find the following form for the ther-
modynamic potential based on naive dimension counting,
ΩR(gi, mfλ, m,mρ, µ,Λ) = Λ
4Ω¯R(gi, mfλ,
m
Λ
,
mρ
Λ
,
µ
Λ
) (20)
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where Ω¯R is dimensionless and satisfies
[Λ
∂
∂Λ
+ µ
∂
∂µ
+m
∂
∂m
+mρ
∂
∂mρ
− fλ ∂
∂fλ
]Ω¯R(gi, mfλ,
m
Λ
,
mρ
Λ
,
µ
Λ
) = 0. (21)
In eq.(21), the factor fλ
∂
∂fλ
is included because the partial derivative ∂
∂m
operates not only the argument m
Λ
but also mfλ in Ω¯R. ¿From eq.(20) and
eq.(21), we get the identity like eq. (10)
[Λ
∂
∂Λ
+ µ
∂
∂µ
+m
∂
∂m
+mρ
∂
∂mρ
− fλ ∂
∂fλ
− 4]ΩR(gi, m,mρ, mfλ, µ,Λ) = 0.(22)
¿From eq.(19) and eq.(22), the renormalization group equation can be written
[µ
∂
∂µ
−∑
i
βi(gi, mfλ)
∂
∂gi
− (βfλ(gi, mfλ) + fλ)
∂
∂fλ
+m(1 + γm(gi, mfλ))
∂
∂m
+mρ(1 + γmρ(gi, mfλ))
∂
∂mρ
− 4]ΩR(gi, mfλ, m,mρ, µ,Λ) = 0 (23)
To solve this equation, we introduce density dependent(effective or running)
coupling constants and masses.
µ
d
dµ
gi(µ) = βi(gi(µ), m(µ)fλ(µ))
µ
d
dµ
m(µ) = −[1 + γm(gi(µ), m(µ)fλ(µ))]m(µ)
µ
d
dµ
mρ(µ) = −[1 + γmρ(gi(µ), m(µ)fλ(µ))]mρ(µ)
µ
d
dµ
fλ(µ) = βλ(gi(µ), m(µ)fλ(µ)) + fλ(µ) (24)
Then eq.(23) has the solution
ΩR(gi, mfλ, m,mρ, µ,Λ) = µ
4Ω¯R(gi(µ), m(µ)fλ(µ), m(µ), mρ(µ), µ,Λ). (25)
Here we conclude that the density dependent β-functon for gρNN (g2) and γmρ
have the same form with those defined in free space.
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(c)
(d) (e) (f)
(a) (b)
Figure 2: Vertex diagrams for gρNN to one loop order. Thick solid lines represent
the nucleon and wavy lines are for ρ-meson. Dashed lines represent the σ and
dotted lines are for pions respectively.
4 Calculations of β-function and γm
The β-function for ρ-nucleon-nucleon vertex(gρNN ) can be calculated using
the following equations
β(gρNN) = Λ
∂gρNN
∂Λ
,
gBρNN = gρNNΛ
ǫZ1Z
−1
2 Z
−1/2
3 (26)
defined in free space. Here Z1 is the renormalization constant for gρNN , Z2
that for the nucleon wave function defined by ΨµB =
√
Z2Ψ
µ, and Z3 that
for the ρ-meson wave function defined by V µB =
√
Z3V
µ. The ǫ is defined by
d = 4− 2ǫ with the d denoting spacetime dimension.
We begin by calculating the ρ-nucleon-nucleon vertex function to obtain
renormalization constant Z1. In Landau gauge, the contribution of the dia-
gram in Fig. 2(a) is finite.
We evaluate the ρ-meson contribution in Fig. 2(b). It is calculated to be
[igρNNΛ
a
µ]2b = g
2
ρNNg
3i
32π2
γµTa
1
ǫ
+ finite terms. (27)
9
(a) (b)  (c)
 (d) (e) (f)
Figure 3: Self-energy diagrams for ρ-meson. The thin solid lines represent the
ghost.
In this calculation hereafter, we take the low energy limit in which four
momentum of external ρ-meson is zero(kµ = 0)[20]. We calculate the contri-
bution of pion field in Fig. 2(f),
[igρNNΛ
a
µ]2f = igρππ(
λ
fπ
)2
1
8π2
m2γµT
a1
ǫ
+ finite terms. (28)
The contribution of the other diagrams in Fig. 2 are found to be finite.
Hence these diagrams are not relevant as far as the infinite renormalizations
are concerned. Then, the renormalization constant Z1 required to cancel the
divergences in counter-terms is given by
Z1 = 1− [ 3
32π2
ggρNN +
1
8π2
gρππ
gρNN
(
λ
fπ
)2m2]
1
ǫ
. (29)
Next we turn to ρ-meson self-energy. The nucleon loop contributions in
Fig. 3 are proportional to kµkν − k2gµν and go to zero in the low energy
limit(kµ = 0).
The contributions of ghost loop, pion loop and σ-loop in Fig. 3 are zero in
dimensional regularization scheme since there are no parameters which have
mass dimension. The contributions of ρ-meson loop and ρ-meson tadpole
in Fig. 3 does not renormalize the ρ-meson wave function but renormalize
ρ-meson mass in the low energy limit. Therefore, we can take Z3 = 1.
Finally, we calculate nucleon self-energy diagrams. The pion contribution
10
(c)(a) (b)
Figure 4: Self-energy diagrams for nucleon
is given by
[Σπ( 6p)]4c = −( λ
fπ
)2
1
16π2
3
4
[
1
2
(p2 −m2) 6p−m2( 6p+m)]1
ǫ
+ finite terms(30)
and that of σ-meson in Fig. 4 is given by
[Σσ( 6p)]4a = −( κ
fσ
)2
1
16π2
3
4
[
1
2
(p2 −m2) 6p−m2( 6p−m)]1
ǫ
+ finite terms.(31)
In the Landau gauge, the ρ-meson contributions in Fig. 4 do not give wave
function renormalization for nucleon fields. Then the corresponding renor-
malization constant Z2 is given by
Z2 = 1 +
∂Σπ( 6p)
∂ 6p | 6p=m +
∂Σσ( 6p)
∂ 6p | 6p=m = 1. (32)
¿From eq.(29),
gBρNN = gρNNΛ
ǫZ1
= gρNNΛ
ǫ[1− ( 3
32π2
ggρNN +
1
8π2
gρππ
gρNN
(
λ
fπ
)2m2)
1
ǫ
]. (33)
Then, the β-function for gρNN reads
β = −3gg
2
ρNN
16π2
− 1
4π2
gρππ(
λ
fπ
)2m2. (34)
We can estimate the value of λ by studying pion-nucleon interaction. In the
chiral lagrangian, pion-nucleon interaction is described by gA
fpi
ψ¯γ5 6 ∂πψ[23]
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and that in our lagrangian is given by λ
fpi
ψ¯γ5 6 ∂πψ. Then, we can conclude
that λ ≃ gA. So the value of λ should be around 1. After integrating
the above renormalization group equation, we obtain the density dependent
coupling constant(gρNN ) through the arguments given in section 3. How-
ever the procedure may not be straightforward because there are many pa-
rameters (mass, coupling constants) which depend on the renormalization
scale(density) in eq.(34), although we can conclude from the form of the
β-function that gρNN drops as density increases.
Consider a simplest case, for example, without pion contribution (second
term in eq.(34)) and with κ = 0(where gρNN is equal to g). The β-function
can be written as
β = − 3g
3
16π2
. (35)
Then, we can easily integrate out the renormalization group equation to
obtain
g2(
µ
µ0
) =
g20
1 + 0.04g20 ln
µ
µ0
(36)
where µ0 is a reference chemical potential and g
2
0 = g
2( µ
µ0
)|µ=µo . ¿From
eq.(36), we can easily expect that g2(µ)(or g2ρNN)drops slowly as density
increases without pion contribution as depicted in Fig. 5. Our result is
qualitatively agree with the result of ref.[24]. The density dependent coupling
constant g2 is used in ref.[25]. As we can see in eq.(34), the pion contributions
play an important role in decreasing gρNN in dense nuclear matter. To see
this more explicitly, let us solve eq.(34) in the case of κ = 0 and a = 2. In
this case, the β-function is given by
β = − 3g
3
16π2
− 1
4π2
g
λ2
f 2π
m2. (37)
To solve eq.(37), we should also solve the renormalization group equations for
λ
fpi
and m and deal with the coupled renormalization group equations. But
here we assume as a first approximation that the λ and a remains constant
in dense matter and take λ = 1. In ref.[17], it is shown that the parameter
a does not change very much against temperature. We also assume the
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relation, m
fpi
≃ m∗
f∗pi
≃ 10, to parameterize the density dependence of the m
fpi
economically 2. With these assumptions, we get the solution of eq.(37),
g2(
µ
µ0
) =
2.8g20
−0.02g20 + (2.8 + 0.02g20)( µµ0 )5.6
. (38)
The results are depicted in Fig. 5 where we take µ0 = m for numerical
purpose. If we make use of a simple relation, ρ = 2
3π2
(µ2 − m2)3/2, we
find that µ = µ0 = m corresponds to ρ = 0 and
µ
m
≃ 1.14 for ρ =
ρ0(normal nuclear matter density). Of course, the simple relation is no
longer valid at high density. As it is mentioned, without the pion contribu-
tion, the gρNN drops slowly with density(solid line). If we include the pion
contribution, we can see that the gρNN drops much faster with density(long-
dashed line) in Fig. 5.
Let’s consider the renormalization of ρ-meson mass. The ρ-meson loop
in Fig. 3 gives
[Πµν ]3e =
g2
16π2
m2ρ6g
µν 1
ǫ
(39)
and ρ-meson tadpole in Fig. 3 gives
[Πµν ]3f = − g
2
16π2
m2ρ
9
2
gµν
1
ǫ
(40)
The corresponding renormalization constant Zmρ , which is defined as m
B
ρ =
Zmρm
R
ρ , is given by
Zmρ = 1−
3
4
g2
(4π)2
1
ǫ
. (41)
Then, γmρ is calculated to be
γmρ = Λ
∂
∂Λ
lnZmρ =
3
2
g2
(4π)2
. (42)
2Here m∗ means the in-medium nucleon mass. If we use the scaling law proposed in
ref.[26], m
∗
m
≃
√
g∗
A
gA
f∗
pi
fpi
, we can derive the relation trivially. Since the λ corresponds to
gA and we assume that λ(gA) remains constant in dense matter, the scaling law becomes
m∗
m
≃ f∗pi
fpi
[5], which gives the relation m
fpi
≃ m∗
f∗
pi
. But we are not sure that we can naively
apply the scaling law to our β-function.
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We can obtain density dependent ρ-meson mass through renormalization
group argument discussed in the section 3,
µ
d
dµ
mρ(µ) = −(1 + 1
2
3g2
(4π)2
)mρ(µ) (43)
∼ −1.37mρ(µ) (44)
for a = 2. Neglecting the density dependence of the gauge coupling constant
g, we get
mρ(µ) = (
µ0
µ
)1.37mρ(µ0), (45)
which shows that the ρ-meson mass3 should drop as density increases as well
as ρ-nucleon coupling constant in the low energy limit.
Let’s consider the effects of vector meson-nucleon tensor coupling. The
interaction lagrangian is given by
LV N =
gκρ
2m
Ψ¯(x)σµν∂
µV νΨ(x) (46)
where κρ ≃ 6. We expect that the contributions from the tensor coupling may
change the density dependence of gρNN substantially because of its anoma-
lously large coupling constant(gκρ ∼ 36).
The modification due to tensor coupling in the Fig. 2(a) is given by
[igρNNΛ
a
µ]2a = i
1
4
gρNNT
a[
3g2κ2ρ
128π2
m2ρ
m2
− 3ggρNNκρ
32π2
]
1
ǫ
(47)
and that in Fig. 2(b) is given by
[igρNNΛ
a
µ]2b =
i
16π2
gT a[
g2κ2ρ
8m2
(10m2 + 6m2ρ) + 3ggρNNκρ]
1
ǫ
(48)
¿From these results and eq.(29), we find
Z1 = 1 − [ 3
32π2
ggρNN +
1
8π2
gρππ
gρNN
(
λ
fπ
)2m2
+
1
4
(
3g2κ2ρ
128π2
m2ρ
m2
− 3ggρNNκρ
32π2
)
+
1
16π2
g
gρNN
(
g2κ2ρ
8m2
(10m2 + 6m2ρ) + 3ggρNNκρ)]
1
ǫ
. (49)
3Our mass is not a pole mass defined by the zero of an inverse propagator but a running
mass parameter in thermodynamic(or effective) potential. One can find the formal relation
between running mass and pole mass in ref.[27].
14
Figure 5: The density(chemical potential) dependence of g2ρNN . Here we take
µ0 = m. The solid line is for eq.(36) and the long-dashed one is for eq.(38). The
short-dahsed line represents eq.(54).
Since the vector meson-nucleon tensor coupling is proportional to the
momentum of ρ-meson, vector meson-nucleon tensor coupling does not play
any role in the Fig. 3(a) in the low energy limit.
Consider the nucleon self-energy. As shown in the section 4.1, there are
no wave function renormalizations for nucleon field. But with vector meson-
nucleon tensor coupling, the Fig. 4(b) gives the wave function renormaliza-
tion for nucleon field. The value of the Fig. 4(b) gets the following additional
contributions from the tensor coupling,
[ΣV Nρ ( 6 p)]4b = −
3
64π2
[
g2κ2ρ
16m2
(4p2 6p− 12m2 6p− 6m2ρ 6p− 12m2 − 12mm2ρ)
−ggρNNκρ
4m
(−6p2 + 6m 6p+ 12m2 + 12m2ρ) ]
1
ǫ
. (50)
¿From this we get
Z2 = 1 +
∂ΣV Nρ
∂ 6p | 6p=m
= 1 +
3
64π2
[
3g2κ2ρ
8
m2ρ
m2
− 3
2
ggρNNκρ]
1
ǫ
. (51)
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As a first approximation, assuming that renormalization scale(density) de-
pendence of κρ can be negligible, we get the modified β-function for gρNN
β = −2c1gg2ρNN − c2g2gρNN − 2c3gρππ(
λ
fπ
)2 − c2g2gρNN − 2c4g3 (52)
where ci are defined by
c1 =
3
32π2
− 1
4
3κρ
32π2
− 3
64π2
3
2
κρ,
c2 =
1
4
3κ2ρ
128π2
m2ρ
m2
+
3κρ
16π2
+
3κ2ρ
64π2
3
8
m2ρ
m2
,
c3 =
1
8π2
m2
f 2π
,
c4 =
1
16π2
κ2ρ
8
(10 + 6
m2ρ
m2
). (53)
The renormalization group equation eq.(52) can be solved with the κρ = 6,
κ = 0 and a = 2 which are assumed to be independent of density. The result
is given by
g2(
µ
µ0
) =
2.8g20
−1.04g20 + (2.8 + 1.04g20)( µµ0 )5.6
. (54)
In Fig. 5, we can see that g2ρNN(µ) drops much faster with the effects of tensor
coupling than that without the effects of tensor coupling. So we conclude that
the vector meson-nucleon tensor coupling as well as pions play an important
role in decreasing the gρNN with density.
5 Summary and Discussion
To study the properties of ρ-meson at finite density, we construct the effective
lagrangian in which ρ-meson is identified as a dynamical gauge boson of
hidden local symmetry. We have calculated the β-function for ρ-nucleon-
nucleon coupling constant (gρNN) and γ-function for ρ-meson mass (γmρ) at
one loop approximation in the low energy limit.
It is shown that these β-function and γ-function calculated in free space
can be also used as β-function and γ-function in hadronic medium after
changing the renormalization scale by the chemical potential as far as the
16
Figure 6: In-medium ρ-meson mass. Solid line represent the in-medium ρ-meson
mass with density dependent coupling g2(µ) and dashed lines represent the case
of density independent coupling g2.
Figure 7: The vertical axis denotes the ratio of in-medium m2ρ to in-medium 2g
2.
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thermodynamical potential is concerned. We also explicitly demonstrate that
the ρ-meson mass and coupling constant for ρ-nucleon-nucleon vertex drop
as density increases. Especially, we show that the pions and vector meson-
nucleon tensor coupling give a dominant contribution to the β-function for
gρNN and find that gρNN drops significantly even in normal nuclear matter
density(ρ0). So the density dependence of the coupling constants can affect
the density dependence of ρ-meson mass substantially even in normal nuclear
matter density because the ρ-meson self energy is a function of the coupling
constants. For example, we solve eq.(43) with density dependent coupling
constant(g2(µ)) given in eq.(54). In Fig. 6, we depict in-medium ρ-meson
mass with density independent coupling constant(dashed line) and the one
with density dependent coupling constant(solid line). Although gρNN drops
significantly even in normal nuclear matter density, the effects on in-medium
ρ-meson mass is not so significant. This is because the coefficient (1
2
3
(4π)2
∼
0.01) of g2(µ) in eq.(43) is much smaller than 1 and so the change of g2(µ)
cannot modify the in-medium ρ-meson mass drastically.
Now we check whether the Kawarabayashi-Suzuki-Riazuddin-Fayyauddin
(KSRF) relation holds in medium or not. At zero-temperature and zero-
density the KSRF relation(for ρ-meson) is
m2ρ = 2g
2
ρππf
2
π . (55)
It is easy to see that gρNN = g = gρππ when κ → 0 and a = 2 from eq.(7).
To check whether the KSRF relation holds in medium or not, we plot the
quantity m2ρ(µ)/(2g
2(µ)) which will be equal to f 2π(µ) if the KSRF relation
holds in medium. In Fig. 7, we see that f 2π(µ) increases with density. But
the f 2π(µ) should decrease in medium[5][6][17]. Therefore, it seems that the
KSRF relation does not hold in medium in our calculations.
In this work, we use several assumptions which are physically relevant for
our analysis to solve the renormalization group equations. For the complete
analysis, one may calculate, for example, all the β-function and γ-functions
and solve coupled renormalization group equation as discussed in section
4. However we do not expect any substantial change in our conclusion. It
will be interesting to study the effects of resonances[28] and to see how the
resonances affect our results.
Finally, we discuss whether the non-renormalizability of our effective chi-
ral lagrangian spoils the renormalization group arguments in section 3 or not.
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As it is well known, we can get rid of all the infinites in a non-renormalizable
theory by including infinite number of counter terms allowed by symme-
try [29]. Calculating the thermodynamic potential(pressure) with a diagram
which involves a vertex from a non-renormalizable interaction, we may get a
coefficient which depends both on the cut-off scale and on the chemical poten-
tial. As in Refs.[13][14], we do renormalizations before we do the four momen-
tum integrations which introduce density effects to our thermodynamic po-
tential or pressure. So it is impossible to get density or chemical potential(µ)
dependent coefficients during renormalization. It is shown in the lectures[29]
that in a mass-independent renormalization scheme, loop integrals do not
have a power law dependence on any big scale such as cutoff. In the case of
a mass-independent renormalization scheme, cutoff or renormalizaton scale
only appears in logarithms. Since we have used mass-independent renormal-
ization scheme in this paper, we don’t have any coeffient depending on some
power of cutoff or renormalization scale during renormalization. So we don’t
have a coefficient which depends both on the cut-off scale and on the chemical
potential except logarithmic dependence. In Appendix, it is shown that this
logarithmic dependence plays a very important role in our renormalization
group analysis and therefore the non-renormalizability of our effective chiral
lagrangian might not be crucial for the renormalization group arguments in
section 3.
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Appendix
In this Appendix, we present a simple model calculation to show how to
calculate thermodynamic potential (pressure) and to see how the renormal-
ization group equation works which we set up with some dimensional coupling
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constants such as λ
fpi
. The lagrangian we are considering is given by
L =
1
2
∂µπ∂
µπ + Ψ¯(x)iγµ∂µΨ(x)−mΨ¯(x)Ψ(x) + λ
fπ
Ψ¯(x)γ5γ
µ∂µπΨ(x).(A.2)
Since here we are not interested in the thermodynamic potential (pressure)
(b)(a)
Figure 8: Self energy diagram for pion with counter term. Dotted line is for pion
and solid line represents fermion.
itself, we will consider only one type of graph and keep the terms which are
essential in our renormalization group analysis. It can be easily seen in the
QED example in section 3 that only the terms containing ln( µ
2
Λ2
) contribute
to lowest order β-function. We also take the limit µ >> m[13][14].
Now consider Fig. 8 (a) which is calculated to be
iΠ(k2) =
(mfλ)
2
2π2
k2i[
1
ǫ
− ln k
2
Λ2
] (A.3)
where fλ ≡ λfpi and Λ is a renormalization scale. Introducing counter term,
Fig. 8 (b), we obtain the pion wavefunction renormalization constant Zπ.
Then, we can define
fBλ = fλZ
−1/2
π Λ
ǫ (A.4)
and we get the β-function for fλ,
βλ =
(mfλ)
2
2π2
fλ. (A.5)
If our renormalization group anlysis is correct, the β-function eq.(A.5) must
have something to do with a β-function defined in medium. To see this, we
calculate the thermodynmic potential(or pressure) from Fig. 9 and Fig. 10.
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Figure 9: 2nd order contribution to the thermodynamic potential. Here solid lines
with / denote the thermal(density) part of the fermion propagator[30].
In Fig. 10, we schematically draw how to renormalize the thermodynamic
potential (pressure), for rigorous discussion see [13][14]. The thermodynamic
potential (pressure) from Fig. 9 and Fig. 10 is given by
ΩR =
(mfλ)
2
16π4
µ4 +
(mfλ)
4
32π6
µ4 ln
µ2
Λ2
+ ... (A.6)
where the ... represents the terms which are not important when we discuss
the renormalization group analysis. This is obvious when we take a look at
QED β-function discussed in section 3.
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Figure 10: 4th order contribution to the thermodynamic potential. The brackets,
[ ] indicate that we renormalize the enclosed diagram (pion self-energy) and Π
represents the finite part of the pion self-energy.
Now we construct renormalization equation following the procedure in
section 3. Note that here we renormalize pion wavefunction only and there-
fore fλ. Then the renormalization group equation for the thermodynamic
potential, in this simple case, is given by
[Λ
∂
∂Λ
+ βfR
λ
(mfRλ )
∂
∂fRλ
]ΩR(mf
R
λ , µ,Λ) = 0 (A.7)
where we use mfRλ instead of f
R
λ because the coupling f
R
λ carries a deriva-
tive(mass parameter) which is m in our one loop calculations and the sub-
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script R denotes the renormalized parameters. The identity based on dimen-
sional analysis is found to be
[Λ
∂
∂Λ
+ µ
∂
∂µ
− 4]ΩR(mfRλ , µ,Λ) = 0. (A.8)
From eq.(A.7) and eq.(A.8), we can write the following renormalization group
equation
[µ
∂
∂µ
− βfλ(mfRλ )
∂
∂fRλ
− 4]ΩR(mfRλ , µ,Λ) = 0. (A.9)
The general solution is given by
ΩR(mf
R
λ , µ,Λ) = µ
4Ω¯R(mfλ(µ), µ,Λ) (A.10)
with a density dependent(effective or running) coupling constants defined by
µ
d
dµ
fλ(µ) = βλ(mfλ(µ)). (A.11)
Using the explicit form of the thermodynamic potential of eq. (A.6), we
can show explicitly that the renormalization group equation, eq.(A.9), can
be satisfied by identifyng βλ in eq. (A.11) with the one in eq.(A.5) to order
of m4f 4λ ,
[µ
∂
∂µ
− m
2f 2λ(µ)
2π2
fλ(µ)
∂
∂fλ
− 4]
·(m
2f 2λ(µ)
16π4
µ4 +
m4f 4λ(µ)
32π6
µ4 ln
µ2
Λ2
+ ...) = 0. (A.12)
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